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1. 
In [5] Gronwall proved a special case of what is now referred to as 
Gronwall’s inequality also called Bellman’s lemma [l, p. 311. On the basis 
of various motivations Gronwall-Bellman inequality has been extended and 
used considerably in various contexts. A very useful generalization of the 
Gronwall-Bellman inequality is due to Bihari [2] which provides explicit 
bounds on unknown function. Recently, in a series of papers [6-g] the author 
has established some new integral inequalities of the Bellman-Bihari type 
which can be used as a tool in applications. For the applications of these 
inequalities we refer the interested reader to the references [&IO]. The aim 
of this paper is to establish some useful integral inequalities which claim their 
origin to the following integral inequality proved in [6]. 
LEMMA 1. Let x(t), f(t) and g(t) be real valued nonnegutiwe continuous 
functions dejned on I = [0, co), for which the inequality 
holds, where x0 is a nonnegative constant. Then 
44 G x0 (1 + Ltf (4 exp (Jo’ (f(7) + g(d> dr) ds), t E 1. 
In [7, 81 the author has obtained some nonlinear generalizations of the 
integral inequality given in Lemma 1. In Section 2 and 3, we give our main 
results on integral inequalities similar to Bellman-Bihari inequalities that 
have a wide range of applications in the theory of differential and integral 
equations. 
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2. 
Before giving the main results in this section, we require the following 
form of the integral inequality given in Lemma 1. 
THEOREM 1. Let x(t), f(t) and g(t) 6 e real valued nonnegative continuous 
functions deJined on I, and n(t) be a positive, monotonic, nondecreasing continuous 
function defined on I, for which the inequality 
x(t) f n(t) + (f(s) x(s) ds + jot f(s) (so’&) 44 d’) 4 t E 1, (1) 
holds. Then 
x(t) < n(t) (1 + ~otf(s) exp (so’ (f(d + g(T)) d7) ds) y t ~1. (4 
Proof. Since n(t) is positive, monotonic, nondecreasing, we observe from 
(1) that 
Now we can complete the proof by following the argument as in the proof of 
Lemma I given in [6]. 
We note that the integral inequality obtained in Theorem 1 is a further 
generalization of Bellman’s inequality given in [l, p. 581. Estimate for x(t) 
in (l), when n(t) is not monotonic nondecreasing is already obtained in [9]. 
We now apply Theorem 1 to establish the following interesting and useful 
integral inequalities. 
THEOREM 2. Let x(t), f(t), g(t) and h(t) b e real valued positive continuous 
functions defined on I; W(u) be a positive, continuous, monotonic, nondecreasing 
and submultiplicative function for u > 0, W(0) = 0, and suppose further that 
the inequality 
x(t) G ql + job 4s) ds + jot f(s) (( g(T) 4~) dr) ds -1- 1,’ 4s) W(x(sN ds 
(3) 
is satisfied for all t E I, where x,, is a positive constant. Then 
44 4 G-l [G(s,) + lot 4s) W (1 + (f(d exp (1: (f(k) + g(4) dh) dT) ds] 
* [l + [otfN exp (s,” (f(d +g(T)) dT) ds] , 0 < t S k (4) 
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where 
(5) 
and G-1 is the inverse function of G, and t is in the subinterval [0, b] of I so that 
G(xo) + Jot h(s) W (1 + Jo3f(4 exp is,’ (f(h) + g(h)) dh) dT) ds E Dom(G-9. 
Proof. Define 
n(t) = x0 + Iot h(s) W(s)) ds, 
Then (3) can be restated as 
n(0) = x0 . 
x(t) d n(t) + 1tf(s) 4s) ds + jot f(s) ( jos g(T) 47) do) A 
0 
Since n(t) is positive, monotonic, nondecreasing on I, we have from Theorem 1 
44 d n(t) (1 + /o’f(4 exp (1,” (f(r) + g(T)) d7) A) - (6) 
Further 
WWN G WW> W (1 + Iot f(s) exp (J’,” U(T) + g(4) dT) ds) , 
since W is submultiplicative. Hence 
h(t$Fgy)’ d h(t) W (1 + ltf(s) exp (I (f(~) f g(4) d7) ds) - 
Because of (5) this reduces to 
2 G@(t)) G h(t) W (1 + (f(s) exP (1: (f(T) + g(d) dT) h) . 
Now, integrating from 0 to t, we obtain 
G(W) - GWN G j t 44 W (1 + j-h =P (s,’ (f(k) + g(Y) dk) d’) ds. 
0 0 
(7) 
The desired bound in (4) follows from (6) and (7). The subinterval [0, b] 
is obvious. 
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We next state a still more general form of Theorem 2 which may be used in 
certain situations. 
THEOREM 3. Let x(t), f(t), g(t) and h(t) b e real valued positive continuous 
functions de$ned on I; W(u) be a positive, continuous, monotonic, nondecreasing, 
subadditive and submultiplicative function for u > 0, W(0) = 0; the functions 
p(t) > 0, M(t) 3 0 be nondecreasing in t and continuous on I, M(0) = 0, and 
suppose further that the inequality 
44 < P(t) + jot f (4 44 ds + jot f (4 ijO’ g(T) 44 d+) ds 
+ M (jot 4s) W+N ds) 
is satisfied for all t E I. Then 
4) G [p(t) + M(G-’ [G (jot h(s) 
where 
G(r) = lT; W(zys)) ’ Y >,YO >o, 
(8) 
(9) 
(10) 
and G-l is the inverse of G, and t is in the subinterval [0, b] of I so that 
G (jot h(s) W (P(s) (1 + j; f (7) exp (j; (f (4 i g(k)) dk) dT) ds) 
+ jt h(s) W(1 + j’f(T) exp (jT(f(k) +g(k))dk) d’) dsE Dom(G-l). 
0 0 0 
The proof. of this theorem follows by the similar argument as in the proof 
of Theorem 2, together with Theorem 1 given in [3]. We omit the details. 
In [4] the authors have studied the integral inequalities in Theorem 2 and 3 
when the second integral term on the right side in (3) and (8) is absent. 
However, the bounds obtained in Theorem 2 and 3 are different from those 
given in [4]. 
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3. 
In this section we establish some integral inequalities, by considering one 
linear and two nonlinear terms on the right side. For this purpose, we require 
the class of functions S as defined in [4]. 
A function H: [0, co) -+ [0, co) is said to belong to the class S if 
(i) H(u) is positive, nondecreasing and continuous for u 3 0, 
(ii) (l/n) H(u) < H(u/n), n > 0. 
Before giving the main results in this section, we first establish the following 
theorem which is useful in our further discussion. 
THEOREM 4. Let x(t), g(t) be real valuedpositive continuous functions defined 
on I, n(t) be apositive, monotonic, nondecreasing continuous function defined on I, 
and H E S, for which the inequality 
x(t) < n(t) + Iot g(s) (x(s) + lo’ g(T) HW) d+ & t E 6 
holds. Then 
x(t) 6 n(t) (1 + jo’g(s) G-l (G( 1) + [g(T) dr) ds) , 
where 
0 S t 9 6, 
(11) 
W) 
(13) 
and G-l is the inverse of G, and t is in the subintemal [0, b] of I so that 
G(1) + Iotg(s) ds E Dom(G-l). 
Proof. Since n(t) is positive, monotonic, nondecreasing and HE S, we 
have 
$) < 1 + sdg(s) ($$ + IO’ g(T)nrfi;r(T)) d’) ds 
< 1 + s,’ g(s) ($8 + jos A4 H (-$-) d+ ‘is. 
(14) 
Define v(t) by the right member of (14). Then 
v’(t) = g(t) ($$ + &e,(d H (+$$) d’) , v(O) = 1, 
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which in view of (14) implies 
If we put 
m(t) = v(t) + j-” g(T) H(~(T)) dT> m(0) = v(0) = 1, (16) 
0 
it follows from (16), (15) and the fact that v(t) < m(t), we have 
Dividing both sides of (17) by (m(t) + H(m(t))), using (13) and integrating 
from 0 to t, we obtain 
WW - G(m(W G j-oh ds- 
Then from (15) and (18) we have 
v’(t) <g(t) G-l (GO) + j-otg(s) ds) . 
(18) 
(19) 
Now, integrating both sides of (19) from 0 to t and substituting the value of 
v(t) in (14) we obtain the desired bound in (12). 
We note that the estimate for x(t) in (ll), when n(t) is not monotonic 
nondecreasing and His a positive, continuous, nondecreasing and subadditive 
function for u > 0, H(0) = 0 is already obtained in [8]. 
We now apply Theorem 4 to establish the following more general integral 
inequalities. 
THEOREM 5. Let x(t), g(t) and h(t) be real valued positiwe continuous 
functions dejbzed on I; H E S, and W is the same function as de$ned in Theorem 2, 
and suppose further that the inequality 
x(t) G xo + 1’ g(s) (x(s) + j’gb) H(x(T)) d’) ds + Jot h(s) W(x(s)) ds, (20) 
0 0 
is satisjied for all t E I, where x0 is a positive constant. Then 
x(t) < Q-l [Q+o) + j-” h(s) W (1 + /‘g(T) G-l (G(1) + j’ g(h) dk) dT) ds] 
0 0 0 
-[I +~otg(S)G--‘(G(l)+Sobgc~)d~)ds], O<tGb (21) 
40914913-18 
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where G, G-l are as defined in Theorem 4, Q is defined by 
-Q(r) =J-+& r 3 r0 > 0, (22) 
and 0-l is the inverse function of 52, and t is in the subinterval [0, b] of I such that 
G( 1) + L’g(s) ds E Dom(G-l) 
and 
Q(x,) + It h(s) W (1 + /‘g(~) G-1 (G( 1) + /‘g(k) dk) d’) ds E Dom(.&1). 
0 0 0 
Proof. Define 
n(t) = q, + foth(“) W(+)) ds, 
Then (20) can be restated as 
n(0) = x0 . 
Since n(t) is positive, monotonic, nondecreasing, and HE S, we have from 
Theorem 4 
x(t) < n(t) (1 + sol&) G-l (G( 1) + (g(~) do) ds) , 0 < t < 6’. (23) 
Further 
Wtxtt>) < wt’@>) w (1 + j-)(s) G-l (G(1) + j)(T) dT) ds) , 
since W is submultiplicative. Hence 
h(t;~;;~J’ < h(t) W (1 + jtg(s) G-l (G(1) + s’&‘(T) dT) ds) . 
0 0 
Because of (22) this reduces to 
$ Q@.(t)) < h(t) W (1 + Jot g(s) G-l (G(1) -I- fog&~) dT) h) , 
0 < t < b’. 
Now, integrating from 0 to t, we obtain 
f+(t)) - f@(O)) < Jot h(s) W (1 + j.08&) G-l (G(1) + j-)+4 dk) d’) ds. 
(24) 
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The desired bound in (21) follows from (23) and (24) on the subinterval 
[O, 61 c [O, 6’1 of I. 
Finally, we formulate a still more general form of Theorem 5 under some 
additional conditions. This form may be convenient in some applications. 
THEOREM 6. Let x(t), g(t) and h(t) be real valued positive continuous 
functions defined on I, H E S, and W is the same function as defined in Theorem 3, 
the functions p(t) > 0, M(t) 3 0 be nondecreasing in t and continuous on I, 
M(0) = 0, and suppose further that the inequality 
is satisfied for all t E 1. Then 
44 d [PM + M (Q-l [Q (Jot h(s) W (P(S) (1 + (g(~) 
x G-l (G(l) + /oTg(4 dh) dT)) ds) 
+ jot MS) W (1 + ~os&) G-l (G(l) + J‘b &) dh) d’) ds])] 
* [I + j-otg(s) G-l (G(1) + /)+) d’) ds] , 0 < t< 4 
where G is as dejined in Theorem 4, and X2 is defined as 
,n(r) = s:,w(&s)) ’ y 2 Y* >0, 
and G-l, QR-l are the inverse functions of G and 52, respectively, and t is in the 
subinterval [0, b] of I so that 
G( 1) + s t g(s) ds E Dom(G-I), 
0 
Q ( Iot h(s) W ( ~(4 (1 + lo8 ~(4 G-l ((3 1) + JOT A4 dh) dT)) ds) 
f Lt h(s) W (1 + losg(7) G-l (G(1) + ]:g(k) dk) d’) ds E Dom(Q-l). 
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The proof of this theorem follows by the similar argument as in the proof 
of Theorem 5, together with Theorem 1 given in [3]. We omit the details. 
In [4] the authors have studied the integral inequalities with two nonlinear 
terms on the right side. However, the integral inequalities considered in 
Theorems 4, 5 and 6 are different from those considered in [4]. 
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